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Abstract: Current work includes a study of the very rare case called intruder nuclear levels, where there are
only seven nuclei in nature. Such cases occur when the first excited state is03. The current study included only
three nuclei: 2$Mo, 287 and 35Zr. The nuclear model used to explore and investigate nuclei in this work is the
second interacting boson. The experimental data and theoretical values obtained were in good agreement,
indicating this model's success in calculating such anomalies. The main reason for the presence of these levels
in other than their natural locations expected according to the IBM model is that they have a double subshell
closure. The majority of the theoretical values computed by IBM-2 aligned well with the experimental values
for energy levels, decreased transition probabilities, electric quadrupole transitions, magnetic dipole
transitions, and zero transitions. This research aims to contribute to the knowledge of the nuclear
characteristics of the isotopes currently under investigation.
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1. INTRODUCTION

The theoretical examination of nuclear characteristics poses a significant challenge for physicists owing
to the intricate nature of nuclear forces and nucleon interactions. Consequently, the majority of nuclear
models relied on physical and mathematical approximations [1-5]. The most effective mathematical
model to elucidate nuclear features so far is the interacting boson model introduced by the scientists
(lachello and Arima) in (1978), which successfully integrates concepts from the shell model and the
collective model. Multiple iterations of this concept emerged, with IBM-2 being the most prevalent due
to its advancement from IBM-1, which differentiated between the proton boson and the neutron boson
[6-10]. A substantial amount of study was conducted owing to the precision of the outcomes in this.
Nuclei are categorized into three categories depending on the form of the nucleus and its motion:
spherical vibration, distorted rotation, and an intermediate variety known as soft. This categorization
was included into the interacting boson model, derived from collective models, which has the Kasten
triangle, with all nuclei in nature positioned along its sides. The nuclei in this study work are of the
vibrational type, with their classifications established according to the ratio E(47)/E(2}) [11-14]. The
distinguishing feature of these nuclei is the significant extremity in this ratio, which has a usual value
of 2. The current nuclei values are 1.57 for 35Zr, 1.5 for 357, and 1.9 for 5Mo. The values are deemed
minimal, indicating that the selected nuclei possess a pronounced vibrational character, resulting in a
rare phenomenon in nature: the emergence of the second excited azimuth 2; as the first excited level
following zero, the rationale for which will be elucidated in the discussion section. This phenomenon
motivated our investigation of this sort of nuclei, since only seven nuclei in nature exhibit this peculiar
condition, which is 38Mo, 35Z, 38Zr, 3977, 35Ge, 33Ca,, 180. Utilizing the equations of the IBM-2
model, we calculated these energy levels, which we designated as Intruder Levels. This demonstrates
the model's capacity to compute this category of energy levels. We relied on the concepts of the shell
model due of their proximity to reality. The aims that prompted this investigation may be succinctly
expressed as follows:

1- Investigating the nuclear characteristics of these isotopes using the principles of the interacting boson
model. Monitoring and analyzing an unusual phenomenon seen in nature in just seven nuclei, namely
the emergence of level 2, as the initial excited state, and correlating the pronounced vibrational
characteristics of these isotopes with this occurrence.

2- Investigating further features, including electrical and magnetic transitions, as well as zero transitions
of these nuclei.
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2. HAMILTONIAN FORMULATION

The essential mathematical construct in nuclear physics is the Hamiltonian, which encapsulates the total
energy of a nuclear system. The IBM-2 Hamiltonian describes the interactions and energies of nucleons
within the nucleus, incorporating both collective and intrinsic degrees of freedom. It is a crucial element
in our investigation as it provides the foundation for predicting energy levels and transitions in
Zirconium and Molybdenum nuclei [11-15].

Mathematically, the IBM-2 Hamiltonian can be expressed as [20]:

H = eg(Agy + fig,) + k(0r.Q,) + Z Vop + My (£1,62,63) evvvecee (1)
pP=T,V

where, g, is the single-particle energy of the d bosons, k denotes the strength of the qgadrupole-

quadrupole interaction term, nq is the number operator for d bosons, the quadruple operator Q,, is given

by Q, = [df xs5 +sF xdF]® + x,[df x d;]®, the mentioned symbolp refers tor orv[16], the

last term M, is called Majorana term depends on parameters &, , 5 the purpose of this term was to shit

the energy state with mixed symmetry with respect to the totally symmetric one.

The interaction between like-bosons (17,,,,) are sometimes included to improve the fit to experimental
energy spectra, has the following expression [17]:

o @) [ gm0 31D

bo= > c(lapdz] 051 oo (2)
L=0,2,4

For simplicity's sake, one can halve the number of the free parametersC,f.

3. ELECTROMAGNETIC TRANSITION EQUATIONS

In addition to energy levels, we calculate electromagnetic transitions between nuclear states using the
IBM-2 framework. The electromagnetic transition probability can be computed using the Wigner-
Eckart theorem and can be expressed as[18]:

2
B(EXLJ = Jf) = |<Jf M T(EA W], My >[ oo @3)
where B(EA; J = ] ]T ) is the electromagnetic transition probability, A denotes the multipolarity (electric
or magnetic), and T (EA, u) is the transition operator.

The electric quadrupole transition operator T(E2) in the IBM-2 can be determined according to the
reduced form equation[19]:

T(EZ) =e;Qp +e,Q, (4)
The dipole magnetic transition operator T(M1) is a combination of the angular momenta of protons and

neutrons, TV = /3/471 (gzLr + gyL,), and commonly written as the following [20]:

T =077 [(d* x d)g) = (@ x d)g 1(gr = gy) -+ (5)

The electromagnetic transitions of the nucleus are often not pure; for example, a level may be decayed
by a quadrupole electromagnetic transition, as well as by a magnetic dipole, and this phenomenon
occurs due to mixed symmetry (MSSs). In order to find out which of the two transitions was the
dominant (strongest), it is necessary to know the so-called mixing ratio, which is written as follows
[21]:

<JFlITE2|E >

E2
. + +) = 0QREF [MeV]x 2L Wt = ...
5 (M1’]551 —>]f) = 0.835E, [MeV] x S GBI (6)

4, THE CALCULATIONS AND COMPARISON WITH EXPERIMENTAL DATA

Our methodology follows established procedures in nuclear structure research, combining theoretical
modeling with data-driven analysis to explore and elucidate the nuclear properties of Zr and Mo
nuclei[22]. The relevant experimental data was taken from the Nuclear National Data Center; then
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special software based on the IBM-2 model (NPBOS & NPBTRN) was used to perform calculations
[23]. The parameters of the Hamiltonian have been set to get the best fit of energy level values to the
experimental values. Comparison between theory and experiment guides further refinements of our
model parameters. The comparison with experimental data is essential for validating the accuracy of
our calculations and for assessing the predictive power of the IBM-2 model [24].

5. RESULTS AND DISCUSSION

The reason for choosing *°Zr, ®Zr, and MO nuclei is that it is characterized by a phenomenon that is
almost rare in nature, which is the appearance of energy level 0%as the first excited level after
of dlrectly This unique phenomenon only appears in seven
nuclei:33Mo, 382, 3871, 3971, 35Ge, 39Ca,, 1§0. The appearance of this energy level is considered a
strange and rare case because it is known that in most even-even nuclei, the first excited level is 27. To
discuss the energy levels of these nuclei, we first determined the affiliation of the nuclei. As is known,
nuclei in nature are classified into three main groups: deformed rotational nuclei whose group symbol
is SU(3), vibrational nuclei U(5), and transitional nuclei O(6). According to the collective models, these
nuclei belong to the group of vibrational nuclei. We adopted the ratioR, = E(47)/E(2{) for
determining the affiliation of the nuclei. The nuclei 3577, 387, 35M o were distinguished by the fact that
the ratioR, was smaller than the theoretically expected values for vibrational determination according
to the collective model, which is R; = 2, as the ratio to the experimental values was equal to 1.57, 1.51,
and 1.92 for the nuclei *Zr, ®Zr, and ®®MO, respectively. The theoretical values of R;, R,, R3determined
using IBM-2 were close to the corresponding experimental values as shown in Table (1). The rest nuclei,
in which the energy level 03 appears as the first excited level:

071, 35Ge, 39Ca, 150, and 3He, are characterized by the fact that the ratio E (47)/E(27) is very small,
it is equal to 1.25 for *Zr, 2 for "*Ge ,1.35 for “°Ca, 1.49 for 0. The ratio in germanium is considered
an ideal value. We also noticed that these nuclei are characterized by the fact that the difference between
the number of proton and neutron bosons equals one, and when the difference increases, the value of
the ratio E(47)/E(27) increases. The reason for the occurrence of this condition and the appearance
of energy level 07 as the first excited level may be because these nuclei have double subshell closure.
This kind of energy level is considered an abnormal state for the vibrational nuclei.

Tablel. Energy Ratio

Isotopes R, =EM@D/EERD R, =E(6])/E(2T) R; = EBH/E(2D)
Exp. IBM-2 Exp. IBM-2 Exp. IBM-2
%zr 1571 1.529 1.974 1.839 2.507 2.020
%Zr 1.507 1.556 2.036 2.552 2.630 3.143
%Mo 1.917 2.162 2.976 3.491 4.155 4.987

6. HAMILTONIAN PARAMETERS

The parameters of the energy Hamiltonian of the IBM-2 model are shown in Table (2). The distinctive
observation in the Table (2) is the electric quadrupole interaction (k) values were very small for all
nuclei k¥ < 0.01. This parameter represents a measure of the deformation of the nucleus. So, its very
small values indicate that the nuclei in this study don’t suffer from deformation, so they have a regular
spherical shape, which is symmetrical in all axes. Thus, we conclude that all energy levels are the result
of the vibrational motion of the nuclei studied, and this gives further evidence for the appearance of the
energy level (03) as the first excited level because this level (07) belongs to the beta vibrational band.

Table2. IBM-2 Hamiltonian Parameters

Isotopes | n, | n, | € K X | xe | CO | C2 cr | co | Cc? Ch | &8s | &2
%Zr 5 (3 |17 |-001 |0.08|0.08]|-03]|0.0 0.099 | -0.3 | 0.0 2.99 | 0.08 | -2.99
%Zr 5 0.99 | -0.009 | 0.08 | 0.08 | -0.5| -0.01 | 0.01 |-0.5|-0.13 | 0.95 | 0.08 | -0.95
%Mo 4 |3 |07 |-0.00 |0.08]008]|-07]|-01 |0.2 -0.7 0.2 0.25 | 0.3 0.3
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7. ENERGY LEVELS

In our study, the theoretical values of energy levels were determined by applying the Hamiltonian of
interacting bosons (IBM-2), after selecting the appropriate parameters for each isotope. Figures 1a,1b,
and 1c) view a comparison between the experimental and theoretical values of the energy levels, where
the energy levels have been categorized into three groups called: the ground band, beta, and gamma
band. The results demonstrate acceptable agreement between the values and for all energy bands. The
inconsistencies to experimental data in the energy level 03 are 0.2MeV, 0.009MeV and 0.18 MeV for
%7r,% Zr, and MO respectively.
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Figl. Energy levels of nuclei (a) Zirconium-96, (b) Zirconium-98, and (c) Molybdenum-98 estimated using the
IBM-2 model and compared with experimental data. (d) Energy levels of 0, as a function of the atomic number in
the nuclei 38Mo, 282, 95Zr, 227, %5Ge, 33Ca,, 180

The correlation between the experimental energy levels of 05 and the mass numbers (A) of the seven
mentioned nuclei is illustrated in Fig. 1-d. The results show that the energy of level 03 increases as the
mass number decreases. In this context, level 03 serves as the first excited level. Seven isotopes in
nature have a double-closed shell. Three of them are closed with a magic number,
namely$3Zr, 39Ca,, 150.The results show that level 07 has high energy, the reason possibly due to the
double-closed shell with a magic number, where the binding energy is very high. For isotopes with a
valence shell farther away from the magic number, the energy level of 03 has lower values. On the
other hand, as the nucleus approaches a spherical (vibrational) shape, the energy level increases.
Conversely, when it deviates from the spherical shape, due to deformation the energy level value
decreases. The subsequent equation articulates the connection between the energy level E(03) and the
mass number: E(03) = C x ae~?4, where 'C' denotes a calibration constant, while 'a’ and 'b’ represent
arbitrary constants.
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8. ELECTROMAGNETIC TRANSITION PROBABILITY

(i) Electric quadrupole moment operators of neutron and proton boson (Q,&Q,) are calculated using
NPBTRN compiler. The matrix elements of electric transition T2 and electrical transition probability
B(E2) are determined by equations (3&4). The experimental and estimated transitions via IBM-2 are
listed in Table (3). The electric quadruple probabilities are overall very weak; the only significant
transition between 2;—0 (0.605 e%b?)in *Zr & *Zr, and between 2,—21 (0.973 e%0?) in **Mo.

(i) Magnetic transition probabilitiesB(M1) were determined via equation(5), and the boson
gyromagnetic factors were set to microscopic values g, =0.285 uy & g, =0.207 uy for
Molybdenum nucleus, and g, = 0.147 uy & g, = 0.472 uy for Zirconium nucleus.

The outcomes of experimental and IBM-2 calculations of magnetic dipole transitions are listed in Table
(4). In general, the values for the studied nuclei are very weak, which is attributed to their high stability.

Table3. Electric Quadrupole Transitions in units of (e?b?)

Transition | %Zr %Zr %Mo
J"—Ji* | IBM-2 Exp. IBM-2 Exp. IBM-2 Exp.
21—0; 0.60501 0.67804 0.93037 0. 99123 0.05652 0.05390
21—0; 0.43050 - 0.09864 0.09912 0.25450 0.26657
2,—0; 0.00008 0.00005 0.64357 - 0.038158 0.04292
2,—0; 0.47896 0.18776 0.00017 - 0.00594 0.00616
2,02 0.00050 0.00042 0.00047 - 0.97333 0.15271
23—2; 0.04659 0.05215 0.00004 - 0.01409 0.01070
23—2; 0.00004 0.00001 - 0.19388 0.1590
31> 0.00835 0.00808 0.00003 - 0.00009 -
312 0.18248 - 0.00001 - 0.15815 -
3104 0.00002 - 0.15307 - 0.65459 -
4,—2; 0.34258 - 0.01522 0.08573 0.28917 0.13734
4y—2, 0.04778 0.03129 0.2966 0.19290 0.18473 -
61—4 0.01168 - 0.35192 0.38398 0.72257 -
03—21 0.00008 - 0.09033 0.13390 0.00002 -
03—2> 0.028070 0.06510 0.07255 - 0.00003 -
Table4. Magnetic Dipole Transitions in units of ( pu%)
96 98 98

Transition ar ar Mo
Jt— Jit IBM-2 Exp. IBM-2 Exp. IBM-2 EXp.

2f - 0F | 0.00000 0.00000 0.00000 0.00000 0.00000 -

2% —» 0f | 0.00000 0.00000 0.00000 0.00000 0.00000 -

2% -2 | 0.00211 0.00616 0.46806 - 0. 77915 -

2% —» 2f | 0.00002 0.00002 0.00005 - 0.00200 0.0032

2% —» 2% | 0.08973 0.08400 0.00001 - 0.00070 0.00020

2F - 2f | 0.04975 - 0. 00009 - 0.00216 -

27 - 2% | 0.00003 - 0.00006 - 0.02164 -

(iii) Electric Monopole Transitions (EQ) occur when there is no change in angular momentum between
initial and final nuclear states and no parity change. Specifically, single gamma emission is strictly
forbidden for spin-zero to spin-zero transitions. The term “electric monopole” refers to the absence of
angular momentum change, making it a unique type of transition.

Electric monopole transitions (E0) were determined as follows [25]:
B(EO;J; = J;) = e*R*p?*(E0), where J; =];
= 2.74 X 107*A*/3p2(EQ) «++ev o (7
where R is the radius defined as R=RyA"*andp(E0) dimensionless monopole transition strength

) (0}|M(E0)|0{“>
parameter defined as follows p(EQ0) = —————

eRr?
Table5. Electric Monopole Transitions in units of (e?b?)
Isotopes Jit — Jf* IBM-2 Exp.
%7y 0,—01 0.0516 -
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%Zr 0,—0; 0.00001 0.000006
%Mo 0>—01 0.1460 -

9. NUCLEI’S SURFACE SHAPE

By computing the surface energy value, researchers gain valuable insights into the stability and
deformation of atomic nuclei, providing crucial information for understanding nuclear structure and
behavior within the interacting boson model framework [26].

p? N[5+ +x)B*] NWN-1)(2

2
1152 | x| 15 5 + 1527 §X2ﬁ4 —4 5)(33 cos(3y) + 4B2

E = &N

To calculate surface energy using the equation above, one must first determine the parameters' values.
These parameters include the number of bosons (N) and deformation parameters (5, y, x), which
characterize the structural properties of the nucleus. Figure (2) shows the relationship between the
surface energy and the deformation parameters, figures show there is no deformation in the nuclei *Zr,
%7r, and Mo respectively.

12 ]
104
08 -
04
02 ]
00 -

Fig2. Surface energy as a function of deformation parameters (8, y) gives a prediction about the shape of nuclei
%Zr,%Zr, and %Mo.

10. CONCLUSIONS

The nuclei exhibited very small R-ratio values, classifying them as vibrational nuclei. The observed
weak electromagnetic transition values suggest a high degree of nuclear stability. The regular surface
shape of these nuclei clearly indicates their spherical nature. The high stability of these isotopes can be
attributed to their double-closed shell structure. The IBM-2 model proved to be highly effective in
accurately describing and studying these nuclei. The presence of these intruder levels, positioned
differently from their expected locations as predicted by the IBM model, can be explained by their
double subshell closure. Additionally, the estimated values for electric quadrupole transitions, magnetic
dipole transitions, and zero transitions were in acceptable agreement with the experimental data.
Overall, this study enhances our understanding of nuclear structure and stability, particularly in the
context of intruder nuclear levels. The successful application of the IBM-2 model underscores its utility
in investigating such rare and complex nuclear phenomena.

REFERENCES

[1] N. Engineering, “Bohr Hamiltonian with a potential having spherical and deformed minima at the same
depth,” vol. 01007, pp. 1-5, 2018.

[2] R. Casten, Nuclear structure from a simple perspective, vol. 23. Oxford University Press, 2000.
[3] P.Ringand P. Schuck, The nuclear many-body problem. Springer Science & Business Media, 2004.

[4] E. Caurier, P. Navratil, W. E. Ormand, and J. P. Vary, “Intruder states in 8 Be,” Phys Rev C, vol. 64, no. 5,
p. 51301, 2001.

[5] J. Majarshin and M. A. Jafarizadeh, “Photo scattering and absorption cross-section in framework of the sdfp-
interacting boson model,” Nucl Phys A, no. August, 2017, doi: 10.1016/j.nuclphysa.2017.08.003.

[6] Z. Jahangiri and H. Sabri, “Nuclear Physics, Section A Description of intruder levels in the different
algebraic approaches Dy nuclei by two,” vol. 1042, no. June 2023, 2024.

International Journal of Advanced Research in Physical Science (IJARPS) Page | 14



Exploring Intruder Levels of Nuclei (*°Zr, ®Zr, ®MO) Within the Framework of IBM-2 Model

[7]
8]

[9]

[10]
[11]
[12]

[13]
[14]

[15]
[16]
[17]
[18]

[19]

[20]

[21]
[22]
[23]
[24]

[25]

[26]

B. Rouge and U. Tiibingen, “On the treatment of intruder levels in strongly deformed nuclei in the
framework of the SU (3) shell model,” vol. 586, pp. 73-99, 1995

H. Mach, G. Molnar, S. W. Yates, R. L. Gill, A. Aprahamian, and R. A. Meyer, “Intruder state collectivity
at a double subshell closure from the beta decay of 0— 96 Y g to the levels of Zr 96,” Phys Rev C, vol. 37,
no. 1, p. 254, 1988.

B. A. Brown, “The nuclear shell model towards the drip lines,” Prog Part Nucl Phys, vol. 47, no. 2, pp. 517—
599, 2001.

M. Physics, No Title.

M. Boyiikata, P. Van Isacker, and I. Uluer, “Description of nuclei in the A~ 100 mass region with the
interacting boson model,” Journal of Physics G: Nuclear and Particle Physics, vol. 37, no. 10, p. 105102,
2010.

Leviatan and J. N. Ginocchio, “Consequences of a relativistic pseudospin symmetry for radial nodes and
intruder levels in nuclei,” Physics Letters B, vol. 518, no. 1-2, pp. 214-220, 2001.

W. Greiner and J. A. Maruhn, Nuclear models, vol. 261. Springer, 1996.

S. Y. Lee and J. H. Lee, “Electromagnetic Properties in Samarium Isotopes Within the Framework of the
IBM-2,” Journal of the Korean Physical Society, vol. 76, pp. 701-705, 2020.

R. H. Subber and F. H. Al-Khudair, “Nuclear structure of the neutron-rich 140-148Ba isotopes,” Phys Scr,
vol. 84, no. 3, p. 35201, 2011.

N. Sabbar and S. N. Abood, “Investigation of Proton and Neutron Alignment in the Ba and Ce Isotopes
within Interaction Interacting Boson Model and Triaxial Rotor Model,” Asian Journal of Research and
Reviews in Physics, vol. 4, no. 3, pp. 1-13, 2021.

N. Sabbar and S. N. Abood, “Nuclear Structure of Ce Nuclei within Interacting Boson Model-2".

N. Sabbar and S. N. Abood, “Investigation of nuclear structure for 130-136NCe nuclei within IBM-1 and
DDM models framework,” in AIP Conference Proceedings, AIP Publishing, 2023.

S. E. A. Al-Slami, Y. A. Hussien, S. M. Waleed, S. F. Aboalhous, and A. M. B. Al-Dhalimy, “Calculation
of energy levels and reduced transition probabilities B (E2) for 130Ba Isotope using IBM-1,” in Journal of
Physics: Conference Series, IOP Publishing, 2020, p. 12088.

Mahdi, F. H. AL-Khudair, and A. R. H. Subber, “Nuclear structure of A= 110 isobars in framework of
Proton Neutron Interacting Boson Model (IBM-2),” Journal of Basrah Researches ((Sciences)), vol. 41, no.
1, 2015.

R. H. SUBBER and F. H. AL-KHUDAIR, “\delta (E2/M1) and X (EO/E2) mixing ratios in™ {134} Ba by
means of IBM-2,” Turkish Journal of Physics, vol. 36, no. 3, pp. 368—376, 2012.

Ciraldo et al., “Analysis of one-proton transfer reaction in O 18+ Se 76 collisions at 275 MeV,” Phys Rev
C, vol. 109, no. 2, p. 24615, 2024.

M. A. H. Muhi and S. N. Abood, “Configuration mixing in Pt nuclei within interacting boson model-2,”
Journal of Applied Mathematics and Physics, vol. 8, no. 03, p. 492, 2020.

H. Sabri, “Description of intruder levels in the 162,164,166 Dy nuclei by two different algebraic
approaches,” Nucl Phys A, vol. 1042, p. 122811, 2024.

L. Wood, E. F. Zganjar, C. De Coster, and K. Heyde, “Electric monopole transitions from low energy
excitations in nuclei,” Nucl Phys A, vol. 651, no. 4, pp. 323-368, 1999, doi: https://doi.org/10.1016/S0375-
9474(99)00143-8.

T. Kibédi and R. H. Spear, “Electric monopole transitions between 0+ states for nuclei throughout the
periodic table,” At Data Nucl Data Tables, vol. 89, no. 1, pp. 77-100, Jan. 2005, doi:
10.1016/J.ADT.2004.11.002.

Citation: S. M. Zainab & A. A. Alaakol., " Exploring Intruder Levels of Nuclei (*6Zr, %8, ®MQ) Within the
Framework of IBM-2 Model" International Journal of Advanced Research in Physical Science (IJARPS), vol
12, no. 03, pp. 9-15, 2025.

Copyright: © 2025 Authors. This is an open-access article distributed under the terms of the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original author and source are credited.

International Journal of Advanced Research in Physical Science (IJARPS) Page | 15


https://doi.org/10.1016/S0375-9474(99)00143-8
https://doi.org/10.1016/S0375-9474(99)00143-8

