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Abstract: In this paper, we appeal to the Lie theoretic concepts and derive generating function relations
involving 2-variable Chebyshev polynomials of the second kind U_n (x,y). For this class of polynomials, we
give suitable interpretations to the index n of the polynomials U n (x,y) with the help of Weisner’s method and
the approach requires the construction of 3-dimensional Lie algebra isomorphic to sl(2), the special linear
algebra.

1. INTRODUCTION

Many different approaches were appeared to understanding the special functions of Mathematical
Physics. These functions play an important role in mathematical physics and appear in it as solutions to
various differential equations describing many different kinds of its systems. All of them share common
features, considering the variations in the forms of special functions that exist. Special functions satisfy
various differential and recursion relations, have generating function relations and are solutions to
certain second-order differential equations.

Marius Sophus Lie (1842-1899) [1] attempts to use the power of the tool called group theory to solve,
or at least simplify ordinary differential equations. Earlier in the nineteenth century, Evariste Galois
(1811-1832) had used group theory to solve algebraic (polynomial) equations that were quadratic, cubic,
and quartic.

Based on the comparison, Lie initiated his work. If finite groups were needed to determine the
solvability of finite-degree polynomial equations, then the treatment of ordinary and partial differential
equations would probably include infinite groups.

The Chebyshev polynomials are one of the most useful polynomials so it’s hard to avoid Chebyshev
polynomials. In just about every mathematics branch, they appear, including spectral methods for partial
differential equations, geometry, combinatorics, number theory, the theory of approximation, numerical
analysis, statistics, integral and differential equations[2, 3, 4, 5].

There are several distinct families of polynomials that go by the name of Chebyshev polynomials[6, 7,
8].
We focus our attention to the Chebyshev polynomials of the second kind which are defined by [9].

Un(@) = 5325 n =k, (=D 20", )

A natural generalization of the classical polynomials in one variable[10] is the Chebyshev polynomials
in several variables. They are used in numerous fields of mathematics (e.g. discrete analysis,
approximation theory[11], linear algebra[12],[13], representation theory[14]-[16]) and physics[17]-
[21], respectively).

In this paper, we appeal to the Lie theoretic concepts and derive generating function relations involving
2-variable Chebyshev polynomials of the second kind U,,(x, y). For this class of polynomials, we give
suitable interpretations to the index n of the polynomials U, (x,y) with the help of Weisner’s method
and the approach requires the construction of 3-dimensional Lie algebra isomorphic to sl(2), the
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special linear algebra.
We begin by introducing the 2-variable Chebyshev polynomials of the second kind

Un(x,y) = 55 n—k, (=y)* @)™, @)
which related to the 1-variable Chebyshev polynomials of the second kind by the relation
Un(x, 1) = Up(x). 3)

Consider the following differential equation which satisfied by the 2-variable Chebyshev polynomials
of the second kind w = U, (x,y):

(x2 - )2

Zw dw _
o T3~ n(n+ 2)w = 0. 4)

2. GROUP-THEORETIC DISCUSSION

Replacing ;—x by :—x , n by z% and w by u(x,y,z) in (1.4), we get the following partial
differential equation:

2 _ U p0%u g 0u g du_
(x y)ax2 78— +3x-—3z-=0. 1)

Thus u(x,y,z) = z"U,(x,y) isasolution of (2.1), since U, (x,y) is asolution of (1.4).

We now seek linearly independent differential operators J3,J~and J* such that

]3(ZnUn(x:y)) = anz"Up(x,y)
J7(@"Un(x,y)) = bnzn_lUn—l(x»y)
+(ZnUn(x:y)) = bnzn+1Un+1(x:y) )

where a,, b, and c, are expressions in n which are independent of x,y and z.
This necessitates the bringing into use of the following recurrence relations.
The 2-variable Chebyshev polynomials of the second kind U, (x,y) satisfies the following recurrence
relations

)
@)% —y) 55 Un (0 y) = (0 + DUnya(x,5) = (n+ 2)xUn (x,y);

)
(@i (x* - y) 35 Un(® ) = nxUn (0,y) = (n+ DyUp 1 (x,);

By the aid of the above recurrence relations and (2.2), we get the following differential operators

3_,90
(P=z—+1
_ 4 P a
J-=z"1y 1[(352—3’)5—952)’5]
a )
o Ut =z[(x* - ) 5e + Xz -+ 2x]
such that
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J(@"Un(x,¥)) = (n+ Dz"Up (%, )

J=(@"Un (%)) = —(n + Dz" " Un_q (1, Y)

JH(@"Un(x,9)) = (n+ Dz"  Upssa (x,9)
Now we have the following commutator relations:
U2.J%] = 4%, U*J71=2p° 4
where [4,BJu = (AB — BA)u .

The above commutator relations (2.4) show the set of operators J3,J~,J*, 1 where 1 stands for identity
operator, generates a Lie algebra which is isomorphic to sl(2).

Now we can write the differential operator as follow

Dy =+ PGP - 1) ©)
it follows that f(x,y)L commutes with each operator
U2 fConLl =17 fo )Ll =Y, f(x,y)L] = 0 (6)
where f(x,y) = ("Zy—‘”

Extended forms of the groups generated by J-operators

To find the extended form of the group generated by J3, we must solve the following differential
equations

oz(ar) _

e = Z(@) (")
and
= (@) ®)

where z(0) = z,and v(0) =1 .
From (2.7), we get

oz(ar) 1 r_ ’

fwﬁda = f da
logz(a) =ad' +k
We put a’ = 0 to find the constant k, so we get
logz =k

Then

logz(a") = a' +logz

z(a") = ze¥
and from (2.8), we get
J CLCONETR P [ da’

dar wv(ar)

logv(a) =a'+k
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We put a’ = 0 to find the constant k, so we get

k=0
Then
logv(a’) = a
v(a) =e%
Thus
evu(x,y,z) = e¥u(x,y, ze® 9)

Similarly we get

et (10)

e’ u(x,y,z) = u(W, :

and

eV u(x,y,2) = (R a5y ) (12)

where a = (xz—b"), B=(x*—y)and y =x — c'yz
Therefore

gt o1
c eb

u(x,y,2) =
@2 - )y (W) 222 — 2byzy + 0202 - g (12)

e

( VY(yzy—br(y*=pB))
"N 2-B)(y2z2-2bryzy +br2(y2-p))

3. GENERATING FUNCTION RELATIONS

,Y)

We will obtain generating function relations from the operator J3 by considering the following two
cases of the transformed function exp(c’JH)exp(b'J ) U, (x,y)

From (2.1) u(x,y,z) = z"U,(x,y) is a solution of the system

{Lu =0,
A-Mm+1)u=0.

)
Since f(x,y)L commutes with the operators, we have

SUEYIL(Z"Un(x,¥)) = (f(x, Y)L)S(2"Up(x,y)) = 0
where
S = e eb)”

Therefore, the transformation S(z™U, (x,y)) is also annulled by f(x,y)L.
So, we consider the following special cases:

Case | : Let b' =1, ¢' = 0, then (2.12) reduces to

I [, (%, )] = (2° —2ﬁ+—) Un (22—, y) )

2_22x
y

+
LR

Now expanding this function, we get

&/ [2"Up (6 )] = $50 L2 (270, (2, 3)]
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=550 X [~ (n + D2 (6,9)]

—\ym-m

o U7
= Zmzo

m!

[(_(n + 1))mzn—m n—m(x' Y)]
Thus

- w  COFED)m o
el [2"Up(x, )] = Xim=o0 w[zn "Up-m(x, )]

m:

Equating the two equations (3.2) and (3.3), we get

2 _2zx 12 !
(2 ==+ Un( 'izz_zﬁ_,_l’y)
y oy

(4)

n-m

[ee] (_( +1))m
= Y=o — 2

A
m!

n-m (6 )]

1
2x 1B x—

1-=+—=): Un(—%=,y)
yz yz _2x, 1
/1 ST

(5)
. —(+1))m ¢ —
= Yoo S m Yy, (x,y)]
Let t ==

zZ
1-2 87 gl
(1-Z45 Sl

(6)

o (_( +1))m
= Zm=0 n—Un—m(xr .V)tm

m!
Case Il : Let ' =0, ¢’ = 1, then (2.12) reduces to
e [2"Un (6, )] = (2% = 2xz + 1)U, (e
Now expanding this function, we get

Jtrn _ Vo (]+)k n
" (MU (6, 9] = B0 L2 (20 (3, )]

o8] (]+)k_1 n+1
= Y=o =y [0+ Dz U1 (%, ¥)]

co (]+)k_k n+k
= k=0~ [ + Dz Up ke (x, )]

Thus

e/ [2"Un (6, 9)] = B0 K 2 U (1, )]
Equating the two equations (3.7) and (3.8), we get

(yz? — 2xz +

International Journal of Scientific and Innovative Mathematical Research (1JSIMR)

Jyz2—2xz+1’

Page | 5

©)

(7)

(8)



Lie-Theoretic Generating Relations of Two Variable Chebyshev Polynomials

-1+ x-yz
D DU, (s y) ©)

= %0 T U ( y) 2"
Finally, we want to point out that the interchanging of the order of the operators in (2.12) will give
different results.
4. PARTICULAR CASES
We can obtain the following generating function relations for the basic Chebyshev polynomials.

I: Taking y = 1 in (3.6), we get

C@4D)m Uy ()™

2 n x—t _ (o) (_(n+
(1 —2xt +t*)z Un(m) = Ym=o0 -

Il: Taking y = 1 in (3.9), we get

(z2 — 2xz + 1) 2Dy, (n;—?)k Upsr () 2"

xX—z o
() = Zh=o
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