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1. INTRODUCTION  

Many different approaches were appeared to understanding the special functions of Mathematical 

Physics. These functions play an important role in mathematical physics and appear in it as solutions to 

various differential equations describing many different kinds of its systems. All of them share common 

features, considering the variations in the forms of special functions that exist. Special functions satisfy 

various differential and recursion relations, have generating function relations and are solutions to 

certain second-order differential equations. 

Marius Sophus Lie (1842-1899) [1] attempts to use the power of the tool called group theory to solve, 

or at least simplify ordinary differential equations. Earlier in the nineteenth century, Evariste Galois 

(1811-1832) had used group theory to solve algebraic (polynomial) equations that were quadratic, cubic, 

and quartic. 

Based on the comparison, Lie initiated his work. If finite groups were needed to determine the 

solvability of finite-degree polynomial equations, then the treatment of ordinary and partial differential 

equations would probably include infinite groups. 

The Chebyshev polynomials are one of the most useful polynomials so it’s hard to avoid Chebyshev 

polynomials. In just about every mathematics branch, they appear, including spectral methods for partial 

differential equations, geometry, combinatorics, number theory, the theory of approximation, numerical 

analysis, statistics, integral and differential equations[2, 3, 4, 5]. 

There are several distinct families of polynomials that go by the name of Chebyshev polynomials[6, 7, 

8]. 

We focus our attention to the Chebyshev polynomials of the second kind which are defined by [9]. 

 

 𝑈𝑛(𝑥) = ∑
[𝑛/2]
𝑘=0 𝑛 − 𝑘

𝑘
(−1)𝑘(2𝑥)𝑛−2𝑘, (1) 

A natural generalization of the classical polynomials in one variable[10] is the Chebyshev polynomials 

in several variables. They are used in numerous fields of mathematics (e.g. discrete analysis, 

approximation theory[11], linear algebra[12],[13], representation theory[14]-[16]) and physics[17]-

[21], respectively). 

In this paper, we appeal to the Lie theoretic concepts and derive generating function relations involving 

2-variable Chebyshev polynomials of the second kind 𝑈𝑛(𝑥, 𝑦). For this class of polynomials, we give 

suitable interpretations to the index 𝑛 of the polynomials 𝑈𝑛(𝑥, 𝑦) with the help of Weisner’s method 

and the approach requires the construction of 3-dimensional Lie algebra isomorphic to 𝑠𝑙(2), the 
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special linear algebra. 

We begin by introducing the 2-variable Chebyshev polynomials of the second kind 

 

 𝑈𝑛(𝑥, 𝑦) = ∑
[𝑛/2]
𝑘=0 𝑛 − 𝑘

𝑘
(−𝑦)𝑘(2𝑥)𝑛−2𝑘, (2) 

 

which related to the 1-variable Chebyshev polynomials of the second kind by the relation 

 

 𝑈𝑛(𝑥, 1) = 𝑈𝑛(𝑥). (3) 

 

Consider the following differential equation which satisfied by the 2-variable Chebyshev polynomials 

of the second kind 𝑤 = 𝑈𝑛(𝑥, 𝑦):  

 (𝑥2 − 𝑦)
𝑑2𝑤

𝑑𝑥2
+ 3𝑥

𝑑𝑤

𝑑𝑥
− 𝑛(𝑛 + 2)𝑤 = 0. (4) 

  

2. GROUP-THEORETIC DISCUSSION 

 Replacing 
𝑑

𝑑𝑥
 by 

𝜕

𝜕𝑥
 , 𝑛  by 𝑧

𝜕

𝜕𝑧
 and 𝑤  by 𝑢(𝑥, 𝑦, 𝑧)  in (1.4), we get the following partial 

differential equation:  

 (𝑥2 − 𝑦)
𝜕2𝑢

𝜕𝑥2
− 𝑧2

𝜕2𝑢

𝜕𝑧2
+ 3𝑥

𝜕𝑢

𝜕𝑥
− 3𝑧

𝜕𝑢

𝜕𝑧
= 0. (1) 

 Thus 𝑢(𝑥, 𝑦, 𝑧) = 𝑧𝑛𝑈𝑛(𝑥, 𝑦) is a solution of (2.1), since 𝑈𝑛(𝑥, 𝑦) is a solution of (1.4). 

We now seek linearly independent differential operators 𝐽3, 𝐽−and 𝐽+ such that  

 

{

𝐽3(𝑧𝑛𝑈𝑛(𝑥, 𝑦)) = 𝑎𝑛𝑧
𝑛𝑈𝑛(𝑥, 𝑦)                                                    

𝐽−(𝑧𝑛𝑈𝑛(𝑥, 𝑦)) = 𝑏𝑛𝑧
𝑛−1𝑈𝑛−1(𝑥, 𝑦)                                            

𝐽+(𝑧𝑛𝑈𝑛(𝑥, 𝑦)) = 𝑏𝑛𝑧
𝑛+1𝑈𝑛+1(𝑥, 𝑦)                                            

 (2) 

 where 𝑎𝑛, 𝑏𝑛 and 𝑐𝑛 are expressions in 𝑛 which are independent of 𝑥, 𝑦 and 𝑧. 

This necessitates the bringing into use of the following recurrence relations. 

The 2-variable Chebyshev polynomials of the second kind 𝑈𝑛(𝑥, 𝑦) satisfies the following recurrence 

relations  

(𝑖𝑖)(𝑥2 − 𝑦)
𝜕

𝜕𝑥
𝑈𝑛(𝑥, 𝑦) = (𝑛 + 1)𝑈𝑛+1(𝑥, 𝑦) − (𝑛 + 2)𝑥𝑈𝑛(𝑥, 𝑦);  

(𝑖𝑖𝑖)(𝑥2 − 𝑦)
𝜕

𝜕𝑥
𝑈𝑛(𝑥, 𝑦) = 𝑛𝑥𝑈𝑛(𝑥, 𝑦) − (𝑛 + 1)𝑦𝑈𝑛−1(𝑥, 𝑦); 

                                         

By the aid of the above recurrence relations and (2.2), we get the following differential operators  

 

{
 
 

 
 𝐽

3 = 𝑧
𝜕

𝜕𝑧
+ 1                                                    

𝐽− = 𝑧−1𝑦−1[(𝑥2 − 𝑦)
𝜕

𝜕𝑥
− 𝑥𝑧𝑦

𝜕

𝜕𝑧
]                

𝐽+ = 𝑧[(𝑥2 − 𝑦)
𝜕

𝜕𝑥
+ 𝑥𝑧

𝜕

𝜕𝑧
+ 2𝑥]                    

 

(3) 

 such that  
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     𝐽3(𝑧𝑛𝑈𝑛(𝑥, 𝑦)) = (𝑛 + 1)𝑧
𝑛𝑈𝑛(𝑥, 𝑦)         

 

     𝐽−(𝑧𝑛𝑈𝑛(𝑥, 𝑦)) = −(𝑛 + 1)𝑧
𝑛−1𝑈𝑛−1(𝑥, 𝑦) 

 

 𝐽+(𝑧𝑛𝑈𝑛(𝑥, 𝑦)) = (𝑛 + 1)𝑧
𝑛+1𝑈𝑛+1(𝑥, 𝑦) 

Now we have the following commutator relations:  

 [𝐽3, 𝐽±] = ±𝐽±,                    [𝐽+, 𝐽−] = 2𝐽3, (4) 

 where [𝐴, 𝐵]𝑢 = (𝐴𝐵 − 𝐵𝐴)𝑢 . 

The above commutator relations (2.4) show the set of operators 𝐽3, 𝐽−, 𝐽+, 1 where 1 stands for identity 

operator, generates a Lie algebra which is isomorphic to 𝑠𝑙(2). 

Now we can write the differential operator as follow  

 
(𝑥2−𝑦)

𝑦
𝐿 ≡ 𝐽+𝐽− + 𝐽3(𝐽3 − 1) (5) 

 it follows that 𝑓(𝑥, 𝑦)𝐿 commutes with each operator  

 [𝐽3, 𝑓(𝑥, 𝑦)𝐿] = [𝐽−, 𝑓(𝑥, 𝑦)𝐿] = [𝐽+, 𝑓(𝑥, 𝑦)𝐿] = 0 (6) 

 where 𝑓(𝑥, 𝑦) =
(𝑥2−𝑦)

𝑦
  

Extended forms of the groups generated by J-operators 

 To find the extended form of the group generated by 𝐽3, we must solve the following differential 

equations  

 
𝜕𝑧(𝑎′)

𝜕𝑎′
= 𝑧(𝑎′) (7) 

 and  

 
𝜕𝑣(𝑎′)

𝜕𝑎′
= 𝑣(𝑎′) (8) 

 where 𝑧(0) = 𝑧, and 𝑣(0) = 1 . 

From (2.7), we get  

 ∫
𝜕𝑧(𝑎′)

𝜕𝑎′

1

𝑧(𝑎′)
𝑑𝑎′ = ∫ 𝑑𝑎′ 

 

 log𝑧(𝑎′) = 𝑎′ + 𝑘 

We put 𝑎′ = 0 to find the constant 𝑘, so we get  

 log𝑧 = 𝑘 

Then  

 log𝑧(𝑎′) = 𝑎′ + log𝑧 

 

 𝑧(𝑎′) = 𝑧𝑒𝑎′ 

and from (2.8), we get  

 ∫
𝜕𝑣(𝑎′)

𝜕𝑎′

1

𝑣(𝑎′)
𝑑𝑎′ = ∫ 𝑑𝑎′ 

 

 log𝑣(𝑎′) = 𝑎′ + 𝑘 
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We put 𝑎′ = 0 to find the constant 𝑘, so we get  

 𝑘 = 0 

Then  

 log𝑣(𝑎′) = 𝑎′ 

 𝑣(𝑎′) = 𝑒𝑎′ 

Thus  

 𝑒𝑎′𝐽
3
𝑢(𝑥, 𝑦, 𝑧) = 𝑒𝑎′𝑢(𝑥, 𝑦, 𝑧𝑒𝑎′) (9) 

 Similarly we get  

 𝑒𝑏′𝐽
−
𝑢(𝑥, 𝑦, 𝑧) = 𝑢(

𝛼√𝑦

√𝛼2−𝑧2𝛽
, 𝑦,

√𝛼2−𝑧2𝛽

√𝑦
) (10) 

 and  

 𝑒𝑐′𝐽
+
𝑢(𝑥, 𝑦, 𝑧) = (

𝑦

𝛾2−𝛽
)𝑢(

𝛾√𝑦

√𝛾2−𝛽
, 𝑦,

𝑧√𝑦

√𝛾2−𝛽
) (11) 

 where 𝛼 = (𝑥𝑧 − 𝑏′), 𝛽 = (𝑥2 − 𝑦) and 𝛾 = 𝑥 − 𝑐′𝑦𝑧 

Therefore  

𝑒𝑐
′𝐽+

𝑒𝑏
′𝐽−

𝑢(𝑥, 𝑦, 𝑧) =    

        (𝛾2 − 𝛽)
−(1+

𝑛

2
)
𝑦
(1+

𝑛

2
)
(𝑦2𝑧2 − 2𝑏′𝑦𝑧𝛾 + 𝑏′2(𝛾2 − 𝛽))

𝑛

2      (12) 

  

 × 𝑈𝑛(
√𝑦(𝑦𝑧𝛾−𝑏′(𝛾

2−𝛽))

√(𝛾2−𝛽)(𝑦2𝑧2−2𝑏′𝑦𝑧𝛾+𝑏′2(𝛾2−𝛽))
, 𝑦) 

3. GENERATING FUNCTION RELATIONS 

 We will obtain generating function relations from the operator 𝐽3 by considering the following two 

cases of the transformed function exp(𝑐′𝐽+)exp(𝑏′𝐽−)𝑈𝑛(𝑥, 𝑦)  

From (2.1) 𝑢(𝑥, 𝑦, 𝑧) = 𝑧𝑛𝑈𝑛(𝑥, 𝑦) is a solution of the system  

 

{
𝐿𝑢 = 0,                                                                                    
(𝐴 − (𝑛 + 1))𝑢 = 0.                                                                

 (1) 

 Since 𝑓(𝑥, 𝑦)𝐿 commutes with the operators, we have  

 𝑆(𝑓(𝑥, 𝑦)𝐿)(𝑧𝑛𝑈𝑛(𝑥, 𝑦)) = (𝑓(𝑥, 𝑦)𝐿)𝑆(𝑧
𝑛𝑈𝑛(𝑥, 𝑦)) = 0 

where  

 𝑆 = 𝑒𝑐′𝐽
+
𝑒𝑏′𝐽

−
 

Therefore, the transformation 𝑆(𝑧𝑛𝑈𝑛(𝑥, 𝑦)) is also annulled by 𝑓(𝑥, 𝑦)𝐿.  

So, we consider the following special cases: 

Case I : Let 𝑏′ = 1, 𝑐′ = 0, then (2.12) reduces to 

 

 𝑒𝐽
−
[𝑧𝑛𝑈𝑛(𝑥, 𝑦)] = (𝑧

2 −
2𝑧𝑥

𝑦
+
1

𝑦
)
𝑛

2     𝑈𝑛(
𝑧𝑥−1

√𝑧2−
2𝑧𝑥

𝑦
+
1

𝑦

, 𝑦) (2) 

 Now expanding this function, we get  

 𝑒𝐽
−
[𝑧𝑛𝑈𝑛(𝑥, 𝑦)] = ∑

∞
𝑚=0

(𝐽−)𝑚

𝑚!
[𝑧𝑛𝑈𝑛(𝑥, 𝑦)]                 
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 = ∑∞𝑚=0
(𝐽−)𝑚−1

𝑚!
[−(𝑛 + 1)𝑧𝑛−1𝑈𝑛−1(𝑥, 𝑦)] 

 

 = ∑∞𝑚=0
(𝐽−)𝑚−𝑚

𝑚!
[(−(𝑛 + 1))𝑚𝑧

𝑛−𝑚𝑈𝑛−𝑚(𝑥, 𝑦)] 

Thus  

 𝑒𝐽
−
[𝑧𝑛𝑈𝑛(𝑥, 𝑦)] = ∑

∞
𝑚=0

(−(𝑛+1))𝑚

𝑚!
[𝑧𝑛−𝑚𝑈𝑛−𝑚(𝑥, 𝑦)] (3) 

 Equating the two equations (3.2) and (3.3), we get  

 (𝑧2 −
2𝑧𝑥

𝑦
+
1

𝑦
)
𝑛

2     𝑈𝑛(
𝑧𝑥−1

√𝑧2−
2𝑧𝑥

𝑦
+
1

𝑦

, 𝑦)                                        

 (4) 

  

  = ∑∞𝑚=0
(−(𝑛+1))𝑚

𝑚!
[𝑧𝑛−𝑚𝑈𝑛−𝑚(𝑥, 𝑦)] 

 

 (1 −
2𝑥

𝑦𝑧
+

1

𝑦𝑧2
)
𝑛

2     𝑈𝑛(
𝑥−

1

𝑧

√1−
2𝑥

𝑦𝑧
+

1

𝑦𝑧2

, 𝑦)                                        

 (5) 

  

  = ∑∞𝑚=0
(−(𝑛+1))𝑚

𝑚!
[𝑧−𝑚𝑈𝑛−𝑚(𝑥, 𝑦)] 

Let 𝑡 =
1

𝑧
  

 (1 −
2𝑥𝑡

𝑦
+

𝑡2

𝑦
)
𝑛

2     𝑈𝑛(
𝑥−𝑡

√1−
2𝑡𝑥

𝑦
+
𝑡2

𝑦

, 𝑦)                                            

 (6) 

  

 = ∑∞𝑚=0
(−(𝑛+1))𝑚

𝑚!
𝑈𝑛−𝑚(𝑥, 𝑦)𝑡

𝑚 

Case II : Let 𝑏′ = 0, 𝑐′ = 1, then (2.12) reduces to  

 𝑒𝐽
+
[𝑧𝑛𝑈𝑛(𝑥, 𝑦)] = (𝑦𝑧

2 − 2𝑥𝑧 + 1)−(1+
𝑛

2
)𝑧𝑛𝑈𝑛(

𝑥−𝑦𝑧

√𝑦𝑧2−2𝑥𝑧+1
, 𝑦) (7) 

 Now expanding this function, we get  

 𝑒𝐽
+
[𝑧𝑛𝑈𝑛(𝑥, 𝑦)] = ∑

∞
𝑘=0

(𝐽+)𝑘

𝑘!
[𝑧𝑛𝑈𝑛(𝑥, 𝑦)]                             

 = ∑∞𝑘=0
(𝐽+)𝑘−1

𝑘!
[(𝑛 + 1)𝑧𝑛+1𝑈𝑛+1(𝑥, 𝑦)] 

 

 = ∑∞𝑘=0
(𝐽+)𝑘−𝑘

𝑘!
[(𝑛 + 1)𝑘𝑧

𝑛+𝑘𝑈𝑛+𝑘(𝑥, 𝑦)] 

Thus  

 𝑒𝐽
+
[𝑧𝑛𝑈𝑛(𝑥, 𝑦)] = ∑

∞
𝑘=0

(𝑛+1)𝑘

𝑘!
[𝑧𝑛+𝑘𝑈𝑛+𝑘(𝑥, 𝑦)] (8) 

 Equating the two equations (3.7) and (3.8), we get  

 (𝑦𝑧2 − 2𝑥𝑧 +
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1)−(1+
𝑛

2
)𝑈𝑛(

𝑥−𝑦𝑧

√𝑦𝑧2−2𝑥𝑧+1
, 𝑦)                                 (9) 

  = ∑∞𝑘=0
(𝑛+1)𝑘

𝑘!
𝑈𝑛+𝑘(𝑥, 𝑦)𝑧

𝑘 

Finally, we want to point out that the interchanging of the order of the operators in (2.12) will give 

different results. 

4. PARTICULAR CASES 

 We can obtain the following generating function relations for the basic Chebyshev polynomials. 

 

I: Taking 𝑦 = 1 in (3.6), we get  

 (1 − 2𝑥𝑡 + 𝑡2)
𝑛

2     𝑈𝑛(
𝑥−𝑡

√1−2𝑡𝑥+𝑡2
) = ∑∞𝑚=0

(−(𝑛+1))𝑚

𝑚!
𝑈𝑛−𝑚(𝑥)𝑡

𝑚 

 

II: Taking 𝑦 = 1 in (3.9), we get  

 (𝑧2 − 2𝑥𝑧 + 1)−(1+
𝑛

2
)𝑈𝑛(

𝑥−𝑧

√𝑧2−2𝑥𝑧+1
) = ∑∞𝑘=0

(𝑛+1)𝑘

𝑘!
𝑈𝑛+𝑘(𝑥)𝑧

𝑘 
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