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Abstract: There seems to be about 500 different proofs of the Pythagorean theorem. Here in this paper | will
show 14 new methods of proving the theorem by using similar triangles. Firstly, I will divide the a right
triangle into two new right triangles and then there will be three similar right triangles. Secondly, basing on
the proportionality of these similar triangles, | will get 22 equations. Comparing the equations | will
demonstrate the 14 new methods one by one.
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1. INTRODUCTION

There is an abundance of proofs available for Pythagoras’ Theorem on right-angled triangles, from
Pythagoras’ own alleged proof in the 6th century B.C., through Euclid’s proof, the proof by Thabit
ibn Qurra of Baghdad in the 9"century, the Indian 12th century mathematician Bhaskara’s proof, to
the one by the 20th President of the United States James Garfield, who published his paper in 1876,
five years before taking up office as President.

The main aim of this paper is to demonstrate 14 different methods for proving Pythagorean theorem.
A theorem can be proved by so many different ways. But if someone asks, “ is there a theorem in
Euclidean geometry that has the most number of proofs?”” The answer is yes and the theorem is the
famous Pythagorean theorem. It is believed that Pythagoras lived in the 6th century B. C. in the island
of Samos, Egypt and in Croton in southern ltaly, besides visits to neighbouring countries. He was the
leader of a society, called Brotherhood, which was devoted to the study of mathematics, astronomy,
religion and music. Among other things he is famous for the theorem attributed to him. The theorem
was known earlier in some form or other in India and China; the Hindu mathematician Baudhayana
discussed it around 800 B.C. in his book Baudhayana Sulba Sutra. It was known even earlier to the
Babylonians. Pythagoras seems to have been the one who formulated it in a form such that he is
considered as the first pure mathematician in history. The theorem is called Pythagorean sometimes
due to the secretive nature of his society. Pythagorean Theorem becomes an important base in the
calculation of the length side of the flat straight sides with the help of right-angled triangles, because
the Pythagorean Theorem is a fundamental theorem in mathematics. The Pythagorean Theorem has
been introduced to students from elementary school until secondary school. Pythagoras discovery in
the field of music and mathematics remains alive today. Pythagorean Theorem is taught in schools
and used to calculate the distance a side of a right triangle. Before Pythagoras, there were no proofs or
assumptions underlying on right triangle systematic.

The famous Pythagorean Theorem states that the square of the hypotenuse of a right triangle is equal
to the sum of each other sides square. Although the development of the various version of other
proofs has been widely known before Pythagoras, all proof related to the right triangle is still
addressed to the Pythagorean Theorem, because he was the first to prove the observation
mathematically in a right triangle. One of the benefits of this theorem is as a tool in the calculation of
the natural phenomena. The Pythagorean Theorem was a base of proving Fermat's theorem in 1620:
xn + yn = zn, which was firstly proven by Sir Andrew Wiles in 1994 After that, some math
calculations in a quite complicated technique were resolved.
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This study will help us to  know more different uses of similar triangles in case of proving
Pythagorean theorem. The students as well as the teachers will be able to understand the theorem
easily.

2. DISCUSSION AND RESULTS

The theorem that we are setting out to prove, the Pythagorean Theorem, says the following. Take any
right-angled triangle, in which the hypotenuse has a length of ¢ and the other two sides lengths of a
and b. The theorem asserts that a2 + b2 = c2.

A

B C

Figurel. Here ABC is a right-angled triangle and BD L AC.

Here, AB=a,BC=b,AC=c,BD=x,AD =y that’s why CD =c -y .AABC, AABD and ABCD
are right triangles and they are similar.

Now ABCD and AABD are similar. That’s why,

x_coy
y X
= x? =cy — y?
X = 4cy—y? [1]
Again,
X —
y a
_ by
=X =- [2]
i ¢y _b
Again, = =3
_a(c-y)
=X == [3]
AABD and AABC are similar. That’s why,
x_y
b a
_ by
L x=2 g
. Xx_a
Again, 5o C
ab
i y_a
Again, 1T
=>a’=yc [6]

ABCD and AABC are similar. That’s why, z = ?’
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o x = 2y
b
. Xx_b
Again, s
ab
>X=—
(o}
i cy_b
Again, i

=>b2=c?—cy
Combining Eq.[2] or Eq.[4] and Eq.[3] or Eq.[7] we get,

by _ a(c-y)
a b

= b%y = a%c — a’y
= b%y + a%y = a’c
=y (a? +b?)=a’%

_ a%
y a? +b2

Combining Eq.[2] or Eq.[4] and Eq.[5] or Eq.[8] we get,

by _ab
a_c

= bcy = a®b

a2

Y==7

Combining Eq.[1] and Eq.[2] or Eq.[4] we get,
b

Jey—y2=>

b2y2
aZ

Scy— y?=
= a%cy — a2 y? = b2y?
=y (a%c — a®y) = b2%y?
= a’y + b%y? =a’c

_ aZc
Y= b2

Combining Eq.[3] or Eq.[7] and Eq.[5] or Eq.[8] we get,

a(c-y) _ ab
b ¢

= ac? - acy = ab?
= c? - cy =b?

c2—b?

Y=
Combining Eq.[1] and Eq.[10] or Eq.[12] we get,

X—\/CX aZc _ ( azc )2
- a? +b? a? +b?

=y = a*c? + a2b?c? — a*c?
(a2 +b2)2

X = abc
a? +b?
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Combining Eq.[1] and Eq.[11] we get,

a? az\2
x= JexE— (—)
c c

— 2 a*
= X= |a - =3
c

Va2c2— a4

C

Combining Eq.[1] and Eq.[13] we get,

c2— b2 c2— b2\ 2
e= JexEE (220
c c

_ |c*—c?b%2—c* +2cZb2— b*
=>xX= =

VbZcZ— b*

C
Combining Eq.[2] or Eq.[4] and Eq.[10] or Eq.[12] we get,
- a

X

_ abc
a? +b2

Combining Eq.[2] or [4] and Eq.[11] we get,

2

a
bx —

C

a

X =
ab
>xXx= —
C

Combining Eq.[2] or Eq.[4] and Eq.[13] we get,
_ b(c?-b?)

ac
Combining Eq.[3] or Eq.[7] and Eq.[10] or Eq.[12] we get,
_ 2 (C B azaiiz )
X= =y

aZc +bzc—azc)

a 2 152
= x= ( ab+b

_ abc
aZ +b2

Combining Eq.[3] or Eq.[7] and Eq.[11] we get,

Combining Eq.[3] or Eq.[7] and Eq.[13] we get,

(-=2%)
alc—
N ¢/

X= b
e (2—ci+b2)
b
ab
>X=—
C
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Combining Eq.[10] or Eq.[12] and Eq.[11] we get,

ac a

az+b? ¢

= a’c? =a* + a%b?

= a?(a® +b?) =a%c?

a? +b?=c? [Method no. 1]

Combining Eq.[10] or Eq.[12] and Eq.[13] we get,

a’c _ c?-b?
aZ +b2 c

= a%c? = a%c? — a®b? + b%c? — b*
= a%c? — a’c? + a%b? + b* =b?c?

= b?(a? + b?) =b?c?

a? +b? = ¢? [Method no. 2]
Combining Eq.[11] and Eq.[13] we get,

a? _ c?>-b?

C C

2

= a%=c?—- b?
a’? +b? = ¢? [Method no. 3]
Combining Eq.[15] and Eq.[16] we get,

VvaZcZ—a* _ vb%c2- bt

c
= a%c? — a*=b%c? - b*

= a’c? —b%c?=a* - b*

= c?(a? — b?)=(a% + b?) (@% — b?)

a2 +b%=c? [Method no. 4]

Combining Eq.[14] or Eq.[17] or Eq.[20] and Eq. [18] or Eq.[22] we get,

abc _ ab
a2 +b? c

= ab (a? + b?) = abc?
a? +b%= c? [Method no. 5]
Combining Eq.[14] or Eq.[17] or Eq.[20] and Eq.[21] we get,

abc _ a(c?-a?)
a2 +b? bc

= b%c? = a%c? — a* + b%c? — a?b?

= b?%c? — b?%c? + a* + a?b? = a?c?

= a%(a? + b?) =a?c?
a? +b%= c? [Method no. 6]
Combining Eq. [14] or Eq.[17] or Eq.[20] and Eq.[19] we get,

abc _ b(c?-b?)
a2 +b2 ac

= a?c2 =a’c? — a’b? + b2c? — b*

= b?(a? + b?) =b?c?
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a? +b2= ¢ [Method no. 7]
Combining Eq.[15] and Eq.[18] or Eq.[22] we get,

va?c?-a* _ ab
c c

= a%c? — a* =a%b?

= a* + a?b? = a?c?

= a?(a® +b?) =a%c?

a? +b2= ¢? [Method no. 8]

Combining Eq.[16] and Eq.[18] or Eq.[22] we get,

vb2c2- b* _ ab
c c

= b?%c? — b* =a?b?
= a’b? + b* = b?c?
= b%(a? + b?) =b?c?
a? +b%2=c¢? [Method no. 9]
Combining Eq.[19] and Eq.[18] or Eq.[22] we get,

b(c2=b?) _ab
ac - C

= b (c? — b?)=a’b

=c?— b?=a?

a? +b%2= c¢? [Method no. 10]

Combining Eq.[21] and Eq.[18] or Eq.[22] we get,

a(c?-a%) _ab

be c
= a(c? — a?) = ab?

= c? — a?=b?

a? +b%= c¢? [Method no. 11]
Combining Eq.[19] and Eq.[21] we get,

b (c2-b?) _ a(c?-a?)
ac - bc

= b?(c? — b?) =a?%(c? - a?)

= b?%c? — b* =a?%c? - a*

= b%c? —a%c?=b*— a*

= c2(b? — a?) = (b% + a®) (b%? — a?)
a’ +b%?= c? [Method no. 12]
Combining Eq.[16] and Eq.[19] we get,
VbZc2— bt _ b (c*-b?)

c ac
= aZ(bZCZ _ b4) - bZ (CZ _ b2)2
= a21b2 (CZ _ b2) - b2 (CZ _ b2)2

=a% = ¢? - b?
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a? +b%= c¢? [Method no. 13]
Combining Eq.[15] and Eq.[21] we get,
VaZcZ- at _a (c?-a?)

c bc

= by/a%(c2 — a2) =a(c? - a?)

= aby/(c? — a?) =a(c? - a?)
= b2 (c? — a2) = (2 — a?)?
=>b2=c?- a?

a? +b?= c¢? [Method no. 14]
3. CONCLUSION

The above discussion has discovered the fourteen new ways of proving Pythagorean Theorem. Using
these methods we can easily prove the Pythagorean theorem by using only the proportionality of
similar triangles. This study also shows us all the methods of proving the Pythagorean theorem by
using only one well-known figure [1]. However, the fourteen new evidences above are pretty easy to
be understood by teachers and students in the school.
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